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Abstract 

We use the microscopic instanton calculus to determine the one-instanton contribution to the 
quantum modulus M 3 = (Tr(0^)) in iV = 2 SU{Nc) supersymmetric QCD with Nf < 2Nc 
fundamental flavors. This is compared with the corresponding prediction of the hyperelliptic 
curves which are expected to give exact solutions in this theory. The results agree up to certain 
regular terms which appear when Nf > 2Nc — 3. The curve prediction for these terms depends 
upon the curve parameterization which is generically ambiguous when Nf > Nc- In SU{3) 
theory our instanton calculation of the regular terms is found to disagree with the predictions 
of all of the suggested curves. For this theory we employ our results as input to improve the 
curve parameterization for Nf = 3, 4, 5. 




In their seminal work [jl[, Seiberg and Witten applied ideas of duality to N = 2 super- 
symmetric QCD (SQCD) with gauge group SU{2) and Nf = 0,1,2, 3,4 flavors of matter hy- 
permultiplets, and were able to predict exact results, valid at both strong and weak coupling. 
This was achieved by identifying the quantum moduli spaces of these models with the moduli 
spaces of certain families of elliptic curves. Exact solutions for the holomorphic prepotential 
describing the low energy dynamics were then obtained via periods of a meromorphic one-form 
on the curves. 

This analysis has subsequently been extended to SU{Nc) models with Nc > 2 and Nf < 2Nc 
fundamental flavors [2-5]. In the general case, the quantum moduli space is described by a 
family of genus Nc — 1 hyperelliptic curves. These are parameterized by the gauge invariant 
quantum moduli = (Tr(0”')) (u = 2, 3,..., Nc), where cj) is the adjoint Higgs. The proposed 
curves predict exact solutions for these objects as well as for the holomorphic prepotentiahj^ 

The exact solutions can be explicitly expanded in the semiclassical regime [§ to give the 
expected one-loop perturbative contribution plus predictions for fc-instanton corrections. These 
take the form of rational functions of the vacuum expectation values (VEV’s). Non-trivial tests 
of the curves can be performed by applying the microscopic instanton calculus to directly 
evaluate these non-perturbative contributions. 

In SU{2), instanton calculations have been carried out at the one-instanton 


10 and 


two-instanton [11-15] levels. The results completely agree with the curves for Nf = 0,1,2 
fundamental flavors. However discrepancies have emerged for Nf = 3 0 and Nf = 4 [Q 
fundamental flavors at the two-instanton level (as well as at the one-instanton level for one 
adjoint flavor in JT^)- For general Nc, only the singular part of the one-instanton contribution 
to U 2 has been calculated, in 0 , 0 . When Nf < 2Nc — 2 there are no additional regular 
terms and the result is in full agreement with the curves. It was further claimed in [0 that 
the results of an evaluation of the regular terms that appear when Nf > 4 in the SU{3) model 
are in conflict with the predictions of the proposed curves. 

In 0 , 0 , ig it was shown that the SU{2) discrepancies can be resolved in a way consistent 
with the analysis of Seiberg and Witten, by reinterpreting the parameters of the original curves. 
In fact it is a generic feature of curve construction that the curve parameterization may not 
be uniquely hxed when Nf > Nc. In [2-5] possible curve parameterizations are suggested 
on the basis of various assumed criteria. The results of [IT] imply that none of the SU{3) 
parameterizations are correct and therefore question the validity of these criteria. 

In this letter, we continue the program of comparing the curve predictions with the results 
of hrst-principles instanton calculations, by evaluating the one-instanton contribution to the 
quantum modulus M 3 in iV = 2 SQCD with Nc > 2 colors and Nf < 2Nc fundamental flavors. 

^By virtue of the Matone relation (see [Q for instanton based derivations) between the prepotential and 
U2, it actually suffices to consider only the solutions for the quantum moduli as independent predictions of the 
curves when Nf < 2Nc. 
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We determine the most singular part of the answer, which for Nf < 2Nc — 3 is the complete 
answer and agrees exactly with the prediction which we extract from the curves. Our analysis 
also gives the coefficients of the regular terms which arise in the SU{3) theory when Nf > 3, 
and we hnd disagreement with the numbers obtained from the curves, for all of the suggested 
curve parameterizations. We then employ the set of microscopic instanton calculations in the 
SU{3) theory to improve the parameterizations of the Nf = 3,4, 5 curves. For Nf = 3,4 flavors 
the curves should be completely hxed, so that no discrepancies can appear at higher order 
instanton levels. 


The held content of SU{Nc) N = 2 SQCD is as follows. There is an iV = 2 hypermultiplet 
comprised of two N = 1 superhelds, <F and W^, which transforms under the adjoint represen¬ 
tation of the gauge group. Components of the chiral superheld $ are a complex scalar Higgs 0 
and its fermionic superpartner, the Higgsino ifj. The vector superheld Wa contains the gauge 
boson Afj, and its superpartner, the gaugino A. The additional Nf matter hypermultiplets con¬ 
sist of chiral superhelds Qf and Q/ (/ = 1, 2,..., Nf), which transform under the fundamental 
and its conjugate representation respectively. The associated component helds are the squarks 
Qf and quarks Xf along with their conjugate representation counterparts, qf and Xf- 

In this paper we adopt the leading-order short-distance constrained instanton approach 
to semiclassical analysis as reviewed in Sections 3 and 4 of ||^ . The constrained Euclideanized 
Euler-Lagrange equations in the short-distance region |x| < 1/M, where M represents a typical 
W-boson mass, can be solved perturbatively in the coupling constant g. Only the leading- 
order terms contribute to the holomorphic prepotential and quantum moduli Un- The dehning 
equations of the instanton conhguration are consequently [11-15] 


( 1 ) 

|)A = 0, |)V^ = 0, |)x = 0, |)x = 0, (2) 

DV = V'], ^= V2igxT\, (3) 

D^q = V2igXx, D^q = -y/2igxX, D^q^ = V^igxxp, D^q^ = V2igi)X- (4) 

We use the convention p = where is the Hermitian conjugate of 


For notational clarity we have dropped the havor indices on the quark and squark fields. In 
the Coulomb branch of the theory, the moduli space of vacua results from a potential term 
V(4>) ~ Tr(|,>..#.y) in the Lagrangian. Up to gauge transformations, the Higgs held acquires 
the matrix of vacuum expectation values 


(0) = diag(ai,a 2 ,... ,a 7 vj. (5) 

The Oj are complex parameters satisfying the constraint «* = 0 which ensures that (0) lives 
in the Lie algebra of the group SU{Nc). This imposes a boundary condition on the instanton 
solution for the Higgs held, since it must approach its matrix of VEV’s at large distances. 
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The required self-dual solution to Eq. (|) of unit topological charge is given by the standard 
SU{2) pure gauge held (BPST) instanton ||2^ ‘minimally embedded’ in the SU{Nc) Lie algebra 
In singular gauge this is 

Vuntu 




rpQ 


21 2 I 2 ^^ ’ 

g y\y^ + p^) 

where y^ = {x — Xq)^, and Xq and p give the location and size of the instanton respectively. 
We make use of the usual ’t Hooft //-symbol [Q and choose a basis of generators such that 
(ie. these are normalized Pauli matrices in the ‘upper left corner’). 


‘U 


The above conhguration is subject to global gauge transformations which rotate it into the 
space of the SU (W) Lie algebra. However for the purposes of the instanton calculation we can 
choose to preserve the upper left embedding of the BPST instanton, and perform global gauge 
transformations of the matrix of VEV’s (|^) instead In this case the boundary condition 
on the Higgs becomes 

' LI 2 \ 

^3 ^4 r 


lim (j) = = 


( 7 ) 


where H G SU{Nc), and the second equality indicates a convenient partitioning of the rotated 
VEV matrix; Ai and A 4 are 2x2 and (W — 2) x (W — 2) matrix blocks respectively. 

The action corresponding to the leading-order instanton can be simplihed by integrating by 
parts and using Eqs. (l)-(4). We are left with 


Sa = 


Svr^ 


+ 


d^xd^ {2Tr(0^T)^0) -h {Df,q)^q -h V2im f d^xxx 


+V2ig J d^x -f gUx + gV’x) • 


( 8 ) 


The \/2 prefactor of the quark mass term allies us with the usual curve convention. 

We now present the remaining singular gauge solutions to the dehning equations, which we 
shall use to evaluate the above action. The normalized gaugino ‘zero-mode’ solutions are listed 


m 


^SCa 

^SSa 


rpQ 


ip yuri%{e^,isc)c 
TT (//2 -I- 

V^P^ yuyAvit,{(^’'^ss)c 


71 


P 


// 2(//2 + p 2)2 

y ai 


V^TT + p2)3/2 

P yiJ.{^^i)aj 


^Mj {j — 3, 4, ... , Nc), 
^Ni (^ = 3,4,..., Nc). 


(9) 

( 10 ) 

( 11 ) 

( 12 ) 


V^TT ViPiy"^ + p2)3/2 

Here e is the antisymmetric tensor satisfying = x_ addition to the two ‘superconformal’ 
(SC) and two ‘supersymmetric’ (SS) modes there are an additional 2{Nc — 2) modes which we 
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have chosen to partition such that the ‘M’ modes live in the upper right and the ‘N’ modes live 
in the lower left parts of the matrix representation of the SU{Nc) Lie algebra. The analogous 
solutions for -0 are obtained by switching the Grassmannian collective coordinates ^ 

The normalized solution for a quark flavor is 




(13) 


The conjugate quark solution satishes Xai = provided we exchange the Grassmannian 

collective coordinate rj ^ fj. 

Turning to the scalar helds, we separate the solution for 0 into a part satisfying the homo¬ 
geneous equation, (ph, and a particular solution (pp which arises in the presence of the Yukawa 
source term. The homogeneous solution was found in to be 


4>h 



2 ^i(ti) + |Tr(24i)/2 



(14) 


where 24i(ti) = Ai — Y£i[Ai)l 2 and I 2 is the 2x2 identity matrix. This solution manifestly 
satishes the boundary condition (0). 

Linearity enables to be decomposed further. If we dehne (pA/B as the particular solution 
with fermionic modes A^i and ipB inserted into the source term, then 


— X! <pA/B- 

a,b=sc,ss,m,n 


(15) 


We obtain the following list of independent solutions which enter the right hand side of this 
equation: 


<Psc/sc 

(pSC/SS 

(pSS/SS 

{4>SC/M)ij 

{(pSC/N)ij 

{(pSS/M)ij 

{<PsS/N)ij 


ig l/^fecea^gc) 

gp ytiVuiii^SC(^eXss) rj.a 

47 r 2 (|/2 + p 2)2 

igp^ yvyAp\t,{isse(j\ss) 
2 v/ 27 r 2 y‘^{y‘^ + P^Y 


ig Vy^ 

StT^ (?/2 + p 2 ^ 3/2 

ig ViF 

87^2 (jj2 _|_ p2^3/2 


CscCmj , 


CNiY^Sc)j, 


igp _ yi^ 

4A/27r2 a/^(i/^ -h p2)3/2 

igp _ y^l 

4A/27r2 a/^( 2/2 -h p2)3/2 




(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 
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w 


Afc 


8y27r2 (?/2 + p 2 ) 
0M/M = 4’N/N = 0. 


X! (Nk^Mk — 

^ A:=3 > 


(23) 

(24) 


The solution for 0 a/_b is deduced from the solution for (^b/a by changing the sign and making 
the exchange ^ C- 

The conjugate Higgs also consists of a homogeneous and a particular solution. The ho¬ 
mogeneous solution is simply the Hermitian conjugate of (|^ whilst the particular solution 

is 






1 


4v^7r2 (i/2 + p2) i V 2N, 








Nr_ 


I W 


Finally, each squark solution is a sum of particular solutions 


(25) 


Qsci 

Qssi 

qm 






4A/27r2 (|/2 -h p2)3/2 

WP y^l 


47 r2 ■\/y^{y‘^ + p2j3/2 
ig 1 


CscPi 


4^2 (^y2 _|_ p 2 ^ 




(26) 

(27) 

(28) 


where qa represents the solution with inserted in the source term. The solutions for gi 
and the conjugate representation squarks may be obtained by straightforward manipulations 
of these conhgurations. 

By plugging the above solutions into Eq. (H) we are immediately able to evaluate the 
leading-order instanton action. Ignoring supersymmetric zero-modes which are not lifted and 
give no contribution, we hnd 


2 J = Stt^p^F + g{CscXMXN)M{^sc,^M,^N)\ 

J d^xd^HD^q^q) = J d‘^xdf,{{Df,qyq) = 0 , 

V2im J d^xxx = —iV^mpg, 

V2ig J d^xx^x = ^ ^ 

V2ig J d^x (gUy + #x) = 


^Tl'(/I!)??'/; — + ^NkCMk)^jn, 


, „ 2 2 + ?iVfcCMfc)W- 


Ill Eq. ( 1 ^) F and M are the same as in IM, namely 


F - Tr(ylL,Pi(ti) + -(yl 3 dl 2 + ^2213)), 


(29) 

(30) 

(31) 

(32) 

(33) 


(34) 
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and 


M = i 


( \^eA\ 

A\ 


i(ti) 


V 






(4)* 

0 


eA^ 


\ 


+ \/24 

0 


(35) 


/ 


where Inc -2 is the {N^ — 2) x [N^ — 2) identity matrix. The leading-order instanton action 
obtained by snbstitnting Eqs. (29)-(33) into Eq. (H) is in fnll agreement with the calcnlation 
of Ito and Sasakura B- These anthors treated the Ynkawa terms in the action pertnrbatively, 
whereas we explicitly included these terms as sources in the defining equations (H) and (§) in 
the spirit of [11-14], 

Our next consideration is the measure associated with integration over the collective coordi¬ 
nates which appear as free parameters in the instanton solutions. For the 1-instanton situation 
the relevant Jacobian factors are well known [^, and combine to give the measure 

J duj = 2i\27v,+2^2iv,-7v^^-4iv, J J J /xq J d^^d^^V- (36) 

Since the is action invariant under the subgroup H = U{1) x SU{2) x SU{Nc — 2), the dQ inte¬ 
gration is to be taken over the group submanifold SU{Nc) / H. The Pauli-Villars regularization 
mass n is eliminated by defining the RG-invariant dynamical scale 






9^ 


(37) 


It is convenient to switch from the Pauli-Villars scale to the dynamical scale used in the hyper- 
elliptic curves. In it was shown using renormalization group matching arguments that the 
two scales are related by 


^2N.-N, ^ 

In supersymmetric theories an important simplification of the instanton calculus occurs in 
connection with the functional integration of the quadratic quantum fluctuations about the 
instanton action. Namely the resulting determinant factors due to fermionic and bosonic field 
fluctuations exactly cancel each other in the background gauge . We are therefore now in a 
position to write down the 1-instanton contribution to After assembling the relevant factors 
and performing the integration over the quark zero-modes we have 

Nf 




M 


= ^ J duj j d'^Cssd^iss /'d^xoTr(0") 

p=0 


xtp ^Tr(Ai) - 


W 


N, 


Nf-P 




'^i^MkCNk + ^NkCMk) GXp{ — Sh), 


where the xq and SS mode integrations have been separated from dcu, leaving 


(39) 


duj= dfl 


P 


4Wc-5 


dp I 


(40) 


6 

















Sh is just the contribution of the Higgs kinetic term to the action as given by (|^) and the tp 
are symmetric polynomials in the quark masses, 


Nf 

tp= mi^rrii^ .. .rrii^. 


(41) 


The Higgs held insertions into the integrand are to be evaluated using the short-distance 
conhgurations listed above.Q These insertions saturate the integration over the collective coor¬ 
dinates corresponding to the exact supersymmetric zero-modes. It follows that only the part of 
Tr(0”) which contains precisely four SS Grassmann variables can give a non-zero contribution. 
When n = 2 this is just Tr( 0 |^y_ 5 ^) and using Eq. ( pj 8 [) we can perform the integration of the 
held operator over xq and the SS modes, 


d'^Cssd'^^ss j d^XoTr(02) = 


2%2 


(42) 


In 


17| , the authors considered the integral expression (^) when n = 2 . Since the group 


integration was not generally tractable they studied the particular case of two VEV’s being 
inhnitesimally close. In this limit they found that the group integration linearized and could 
be carried out. Their answer exhibited a singularity structure associated with the infra-red 
divergence caused by the restoration of a non-Abelian subgroup when any two VEV’s coincide. 
Taking this to represent the only instance where the instanton integration diverges, and by 
considerations of dimensional analysis, gauge invariance and holomorphy, Ito and Sasakura 
deduced the full result 


uV = 


\2N^-Nf Nf 

^ p=0 


Nf-p 


Nc 


- afc)' 


+ (^NcdNf-p,2Nc-2 + ldNadNj-p,2Na X! 


(43) 


k=l 


The analysis fails to determine the constant coefficients of the regular terms, and 
However in the specihc case of SU{3) it was claimed in that the integral expression for 
may be directly computed and gives ( 03 , P 3 ) = (—3/8, —15/64). For a range of input values for 
the VEV’s we have numerically verihed these results. 

Now we use our explicit solutions for 0 to evaluate along similar lines. This will pro¬ 
vide the only remaining independent test for the SU{3) curves at the 1-instanton level. For 
insertion into the integrand, we require the part of Tr( 0 ^) which has the necessary quadrilinear 
dependence on the SS Grassmannian variables. This is 


21 


3Tr (j^ss/ss \4’h+ X! r + 3Tr < (pss/ss X! ^a/ss + X! ^ss/b 

A,B^SS J ) \A^SS B^SS 


■ (44) 


^This is to be contrasted with the case where a Green’s function such as ^{xi)'tp{x2)X{x3)X{x4)) is to be 
evaluated. Here it is the limit \xi — Xj\ ^00 which is important (see eg. |^, |^) and long-distance instanton 
solutions must be obtained. 
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Since <P%s/ss proportional to the 2x2 identity matrix in the upper left block of the matrix 
representation, the first term reduces to two distinct non-zero components, 

‘^'^'^{ 4 ’ss/SS^h) = ( 45 ) 

~ '^{^MkCNk + ^NkClMk)- (46) 

k=3 


^^^i^SS/Ssi^M/N + (I>N/m)) — 


3ig 


Tr (02 


ss/s. 


Sa/StT^ 1/2 p 2 


The second term simplihes because (j)ss/ss is composed of Pauli matrices living in the upper 
left corner of the matrix representation. Closer inspection shows that the only contributing 
component is 


Sio Tr((/)oe/eo) jXg 

3Tr((/i55/55(0M/550SS/V + <t>SS/M(l>N/Ss)) = ~ y'^ + — ^{^MkCNk + ^NkCnk) ■ (47) 

Upon integrating over xq and the SS modes, we get 


/ d^CssX^ss J <iV(,Tr(,#,=>) = 




ig 




2%2 


4 v^ 7 r 2 p 2 


'^{^MkCNk + ^NkCMk) 1 • (48) 


The first factor in brackets is just the corresponding result (^) for the Tr(02j insertion whilst 
the second factor precisely matches the part of the instanton action which is pulled down by 
the integration over the quark Grassmannians. 

This is a remarkable result since it allows us to immediately determine from knowledge 
of Using Eq. (^) and Eq. (^31) and after accounting for a rescaling of the Higgs field, we 
hnd that for Nj < 2Nc, 


uV = 


3A27V,-7V^ ^ 



a 


Nf—p +1 


Nc 




+ ^NjNf-p,2Nc-3 + $NjNf-p,2N^-l . (®) 


k=l 


where (dvc^/^ATc) = This equation is the main result of this letter, and constitutes 

a non-trivial independent prediction of the microscopic instanton calculus. 

We now consider the exact results predicted by the hyperelliptic curves which have been 
proposed for Nf < 2Nc in [2-5]. By making use of the freedom to shift the x-variable, we can 
write all of the suggested curves in the following form. 




(50) 


where 


Nf Nc 

Q{x) = A2^--^/ ^ tpX^f-P and P{x) = [] (x - e^) + A^^^-^fT{x). 

p =0 k=l 
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(51) 









The moduli space parameters satisfy = 0 and are related to the moduli of the 

physical theory through the formula 


N, 

Un = ^ 
k=l 




(52) 


The function T{x) satishes 


Nf 


T{x) = J2tpT^^f-P-^^\x)6N,-p>N., 

p=0 


(53) 


where the are polynomials of degree (Nf—p — Nc) in x, with possible dependence 

on the dynamical scale and also on the moduli space parameters. 

It is apparent that the considerations used in constructing the curves are insufficient to 
uniquely determine the function T{x). ^ Nonetheless the curve prediction for the holomorphic 
prepotential in terms of the is independent of this function p. In this respect T{x) represents 
a superfluous degree of freedom in the curve parameterization. However the curve predictions 
for the quantum moduli Un are certainly affected by T{x). For the physical correspondence 
to be complete, a dehnite form for T{x) must exist which specihes curves whose predictions 
consistently agree with the results of instanton calculus. Furthermore, the authors of pf, 0, 
IQ and Q all use different criteria to propose dehnite forms for T{x). The validity of these 
criteria is open to testing by instanton calculations of the 

Solutions for the Un are obtained from the curves through the periods 


— 


2m JAk 


xiP' - 


dx, 


(54) 


where the are a set of one-cycles enclosing branch cuts of the curves. These integrals can 
be expanded in powers of in the semiclassical regime, and the result is Q 


flfc — Cfc -h ^ 

m,n>0;m+n7^0 


^ ^j^2Nc—Ng2m-\-n—l 


(m\yn\2‘^^‘ 


dei 


{SkierRkier), 


(55) 


where 




f p^f P 
Z^p=0 I'p^k 


and Rk{e) = 


T{eu) 


(56) 


At the 1-instanton level it is a simple matter to invert this series and use the dehning 
expression (^) to get the curve prediction for . The answer may be written in the form 


Nc 


ul! = 


A 

^ p=0 


a 


Nf—p+n—2 


+ 


AKj-p) 


fci WM<^k - atf n - 1 


(57) 


^Excepting the requirement that for Nf = 2 Nc — 1 theories the ^ term in (a;) has coefficient j 

(this ensures that the meromorphic one-form has no residue at infinity when the bare masses are zero). 
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where is a regular function of the VEV’s given by 


.{Nf-p) ^ 



Nc Nf-p+n-2 

hi nf^fe(aA: - ajf (Ufc - ai) 

^ ar'T(^/-^-^=)(a,)U=o 

+^dNj-p>N, ^ ^- 

fc=l lljyfcl®*: 


(A^j — p + n — 1) 


(68) 


The non-singular nature of can be verihed by expanding it in powers of the separation 

between two VEV’s. 

We observe that when Nj — p < 2Nc — n, the regular function vanishes and the 

full answer is unambiguously given by the singular term in Eq. ( 0 )- So when n = 3 we find 
complete agreement with the prediction of the instanton analysis, Eq. (^91), for Nj < 2Nc — 3. 
For n = 2 we confirm the similar observation made in []^ , ie. the agreement of all the proposed 
curves with the instanton prediction (|i3|) when Nf < 2Nc — 2. When Nf > 2Nc — 3, the regular 
functions simplify to give the expected regular terms of Eqs. (|l3|) 

and (^), but with multiplying constants which depend on the function T(x). In Table 1 we 
summarize the curve predictions for the coefficients 0 ^ 3 , and j3^ pertinent to the SU{3) theory 
with Nf < 6 ffavors, according to the various suggestions for T{x) in [2-5]. Our results confirm 
the curve predictions for extracted in |^, and we see that none of the proposed curves give 
the numbers predicted by instanton calculus. 

We can use Eq. (|57|) and the set of instanton calculations in SU (3) theory to fix the curve 
parameterization at the one-instanton level for Nf = 3,4,5 fundamental flavors (see Table 1). 
Dimensional considerations imply that for Nf = 3,4 the curves are completely fixed, so that 
no discrepancies should occur at higher order instanton levels. For Nf = 5 however, there may 
corrections up to the 3-instanton level. It would be interesting if an a priori criterion for curve 
construction could be found which predicts the parameterization required by the instanton 
calculus. 


Source of prediction 

T(o)(x) 

TW(a;) 

T(2)(a:) 

(ttS, 0)3, Ps) 

Ref. § 

1 

4 


4-^ 2 

(0,0,-l/4) 

Refs, m and 

0 

0 

4 ^ 48^ 1728 ~ ^"^2 

(-l,-l/2,-l/3) 

Ref. § 

1 

4 

ix 

+ 1^2 

(0,0,0) 

Instanton calculus 

1 

16 

5 ™ 

32'^ 

\X^ + ^U2 

(-3/8,-3/8,-15/64) 


Table 1: Predictions for the coefficients of the regular terms appearing in the one-instanton contribu¬ 
tions to the moduli U 2 and U 3 in SU{3) SQCD, according to suggested forms for T{x) {defined by the 
polynomials T^^\x), Td)(x) andT^^\x)). 
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It is clearly desirable to extend the SU{3) analysis to the two-instanton level to check 
that no further discrepancies appear for Nf = 3,4 and to see if further curve hxing at this 
level is required for Nf = 5. It would also be interesting to investigate the model which has 
Nf = 6 fundamental flavors, particularly in the light of the recent discoveries for the similar 
Nf = 4 model in SU{2) |T^. There is also the wider problem of fully evaluating one-instanton 
contributions to all the quantum moduli for general Nc. We hope to address these issues 
in future work. 

Acknowledgements 

I would like to thank V. V. Khoze for many invaluable discussions and N. Dorey, J. P. Nunes 
and D. Tong for interesting conversations. 

Receipt of a PPARC UK studentship is gratefully acknowledged. 


References 


[1] N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19, (E) B430 (1994) 485, piep- 
th/9407087| ; Nucl. Phys B431 (1994) 484, |hep-th/94U809'9| . 


[2] A. Hanany and Y. Oz, Nucl. Phys. B452 (1995) 283, |hep-th/9505075 


[3] P.C. Argyres, M.R. Plesser and A. Shapere, Phys. Rev. Lett. 75 (1995) 1699, Piep- 
th/95U5100|. 


[4] J.A. Minahan and D. Nemeschansky, Nucl. Phys. B464 (1996) 3, |hep-th/9507032 . 

[5] I.M. Krichever and D.H. Phong, |hep-th/9604199 . 


[6] M. Matone, Phys. Lett. B357 (1995) 342, |hep-th/95U61U2| ; J. Sonnenschein, S. Theisen, 
and S. Yankielowicz, Phys. Lett. 367B (1996) 145, hep-th/9510129|; T. Eguchi and S.K. 
Yang, Mod. Phys. Lett. All (1996) 131, Piep-th/9510l83 i E. D’Hoker and I.M. Krichever, 
hep-th/961U156| ; P.S. Howe and P. West, liep-th/96U7239 . 


[7] F. Fucito and G. Travaglini, Phys. Rev. D55 (1997) 1099, |hep-th/9605215| ; N. Dorey, V.V. 
Khoze and M.P. Mattis, [hep-th/ 9606199 . 


[8] E. D’Hoker, I.M. Krichever and D.H. Phong, |hep-th/9609041 


[9] D. Finnell and P. Pouliot, Nucl. Phys. B453 (1995) 225, [hep-th/9503115 
[10] N. Dorey, V.V. Khoze and M.P. Mattis, |hep-th/ 9612231 . 


[11] N. Dorey, V.V. Khoze and M.P. Mattis, Phys. Rev. D54 (1996) 2921, [hep-th/9603136 


11 










































[12] N. Dorey, V.V. Khoze and M.P. Mattis, Phys. Lett. B388 (1996) 324, |hep-th/9607066 . 


[13] H. Aoyama, T. Harano, M. Sato and S. Wada, Phys. Lett. B388 (1996) 331, Piep- 
I th/9607076| . 


[14] N. Dorey, V. V. Khoze and M. P. Mattis, Phys. Rev. D54 (1996) 7832, |hep-th/9607202 

[15] T. Harano and M. Sato, Piep-th/9608060 . 

[16] K. Ito and N. Sasakura, Phys. Lett. B382 (1996) 95, |hep-th/9602073 

[17] K. Ito and N. Sasakura, |hep-th/9609104 . 

[18] N. Dorey, V.V. Khoze and M.P. Mattis, |hep-th/9611016 . 

[19] I. Affleck, Nucl. Phys. B191 (1981), 429. 

[20] A.A. Belavin, A.M. Polyakov, A.S. Schwartz and Y.S. Tyupkin, Phys. Lett. 59B (1975) 
85. 


[21] C.W. Bernard, N.H. Christ, A.H. Guth and E.J. Weinberg, Phys. Rev. D16 (1977) 2967. 

[22] G. ’t Hooft, Phys. Rev. D14 (1976) 3432; ibid D18 (1978) 2199. 

[23] S.F. Cordes, Nucl. Phys. B273 (1986) 629. 

[24] D. Amati, K. Konishi, Y. Meurice, G. G. Rossi and G. Veneziano, Phys. Rept. 162 (1988) 
169. 


[25] G. Bernard, Phys. Rev. D19 (1979) 3013 

[26] A. D’Adda and P. Di Vecchia, Phys. Lett. 73B (1978) 162. 


12 















